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Abstract. We introduce and study an approximate solution of the p-Laplace equation, 
and a linearlization C e of a perturbed p-Laplace operator. By deriving an £ e -type Bochner's 
formula and a Kato type inequality, we prove a Liouville type theorem for weakly p-harmonic 
functions with finite p-energy on a complete noncompact manifold M which supports a 
weighted Poincare inequality and satisfies a curvature assumption. This nonexistence result, 
when combined with an existence theorem, yields in turn some information on topology, i.e. 
such an M has at most one p-hyperbolic end. Moreover, we prove a Liouville type theorem 
for strongly p-harmonic functions with finite q-energy on Riemannian manifolds, where the 
range for q contains p . As an application, we extend this theorem to some p-harmonic maps 
such as p-harmonic morphisms and conformal maps between Riemannian manifolds. 



1. Introduction 

The study of p-harmonic maps and in particular p-harmonic functions is central to p- 
harmonic geometry and related problems. 

A real- valued C 3 function on a Riemannian m-manifold M with a Riemannian metric ( , ) 
is said to be strongly p-harmonic if u is a (strong) solution of the p-Laplace equation fll.ip . 
p> 1, 

(1.1) A p u := div (\Vu\ p - 2 Vu) = 0. 

where Vm is the gradient vector field of u on M , and |Vu| = (Vit, Vw)^ . 

A function u e (M) is said to be weakly p-harmonic if u is a (Sobolev) weak solution 
of the p-Laplace equation fll.ip . i.e. 

f M \Vu\ p ~ 2 (Vu,V<p}dv = 

holds for every G (M) , where dv is the volume element of M . 

The p-Laplace equation (11.11) arises as the Euler-Lagrange equation of the p-energy E p 
functional given by E p {u) = f M \ Vu\ p dv . Ural'tseva [35], Evans [6] and Uhlenbeck [36] 
proved that weak solutions of the equation fll.ip have Holder continuous derivatives for 
p > 2. Tolksdorff [35] . Lewis [18] and DiBenedetto [5] extended the result to p > 1. In fact, 
weak solutions of fll.ip . in general do not have any regularity better than C]£. 

When p = 2, p-harmonic functions are simply harmonic functions. Liouville type prop- 
erties or topological end properties have been studied by a long list of authors. We refer 
the reader to, for example Schoen-Yau [32], Li [H], Li- Tarn [20] [21] [22] [23] and Li- Wang 
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for further references. In particular, P. Li and J. Wang showed Liouville type 
properties and splitting type properties on complete noncompact manifolds with positive 
spectrum A when the Ricci curvature has a lower bound depending on A. They also extended 
their work to a complete noncompact manifold with weighted Poincare inequality (P p ). 

For p > 1, 1. Holopainen j8] showed that p-smallness and p-parabolicity are equivalent for 
a large class of ends, called partially homogeneous ends (see also [3]pTj). 

Later in [15J, B. Kotschwar and L. Ni use a Bochner's formula on a neighborhood of the 
maximum point (i.e. the p-Laplace operator is neither degenerate nor singular elliptic on 
this neighborhood) to prove a gradient estimate for positive p-harmonic functions. This also 
implies Liouville type properties of positive p-harmonic functions on complete noncompact 
manifolds with nonnegative Ricci curvature, and sectional curvature bounded below. 

However, the approach of B. Kotschwar and L. Ni does not seem to work in this paper, 
since we need a Bochner's formula which is unambiguously defined at every point in the 
manifold. 

To overcome the difficulty, in this paper, we introduce and study an approximate solution 
u 6 of the Euler-Lagrange equation of the (p, e)-energy 



E P ,e = j n {\Vu e \ 2 + eYdv 

with u — u f G Wo' p (fi) , where fi is a domain on M. That is, u € is the weak solution of a 
perturbed p-Laplace equation 



p-2 

|2 



(1.2) A p , e u e = div f (|Vw e r + e) 2 Vw e J = 0. 
Moreover, we consider a linearlization C e of the perturbed operator A Pie , given by 

(1.3) aw = div(/r 2 A e (vvi>)), 



for $ G C 2 (Q) , where p > 1, f e = y | Vu t \ 2 + e and 

A e := id + Op - 2) VM f 2 v ^ 



We observe that since A Pj(E is no longer degenerate, by Propostion 13. 1\ u e is infinitely 
differentiable. Then we can derive an £ e -type Bochner's formula and a Kato type inequality, 
and apply them to u e . Hence, using the convergence of the approximate solutions u e in W l,p 
on every domain in M, as e — > 0, we prove a Liouville type property of weakly p-harmonic 
functions with finite p-energy. This nonexistence result, when combined with the result of 
Proposition 12.11 yields in turn the topological information that such manifold has at most 
one p-hyperbolic end. 

Theorem 1.1. Let M be a complete noncompact Riemannian m-manifold, m > 2 supporting 
a weighted Poincare inequality (P p ) , with Ricci curvature 

(1.4) Ric M (x) > -Tp(x) 

for all x G M, where r is a constant such that 

T<^±^,p>l, 
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in which 



-±r ifp > 2, 

m— 1 J 1 — ' 



;L5) K 1 if 1< V <2. 

m—l J 1 

Then every weakly p-harmonic function u with finite p- energy E p is constant. Moreover, 
M has at most one p-hyperbolic end. 



In Theorem we say that M supports a weighted Poincare inequality (P p ), if there 
exists an a.e. positive function p(x) such that, for every \P G Wq 2 (M) , 

(1.6) f M p(x)* 2 (x)dv < f M \V*(x)\ 2 dv. 

If p{x) is no less than a positive constant A , then M has positive spectrum. For example, 
the hyperbolic space H m has positive spectrum, and p(x) = lm ~ ' . In IR m , if we select 
P ( x ) — ^~tt^ (x) , then (11.61) is Hardy's inequality. For more examples, see jl] [3H] [27] . 

If u is a C 3 strongly p-harmonic function with finite g-energy, then we have Liouville type 
property as follows. 

Theorem 1.2. Let M be a complete noncompact Riemannian m-manifold, , m > 2 satisfying 
(P p ) , with Ricci curvature 

(1.7) Ricm(x) > —Tp(x) 
for all x G M, where r is a constant such that 

T < 4 (g-i+ K + & ) ; K = minj ^l , 1} , and b = min{0, (p - 2)(q —p)}. 

Let u G C 3 (M) 6e a strongly p-harmonic function with finite q-energy E q (u) < oo. 
(I). Then u is constant under each one of the following conditions: 

(1) p = 2 andq>^, 

(2) p = 4, q > 1 and q-l + K + b>0, 

(3) p > 2, p 7^ 4, and either max |l,p — 1 — < q < p — ^zjp or max {2, 1 — — b} < 
9, 

(77j u does not exist /or 1 < p < 2 and 2 < q. 

As an application, we also extend this theorem to p-harmonic morphisms and conformal 
maps in Sections 15.31 and 15.41 respectively. 

The paper is organized as follows. In section 2, we recall some facts about p-hyperbolic 
and p-parabolic ends from [20] and [8], and prove an existence theorem. In section 3, we 
introduce the linearization C e (\1.3\i of the perturbed operatorA Pje , and derive the £ e -type 
Bochner's formula (13 .ip and Kato type inequality (13.71) for the solution u e of the perturbed 
equation (II .2p . In section 4, by applying Bochner's formula and Kato's inequality, we show a 
Liouville type theorem and one p-hyperbolic end property for a weakly p-harmonic function 
with finite p-energy in a complete noncompact manifold which supports a weighted Poincare 
inequality and satisfies a curvature assumption. In section 5, we show Liouville type theorems 
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for strongly p-harmonic functions with finite g-energy, and we also extend our results to some 
jo-harmonic maps such as p-harmonic morphisms and conformal maps between Riemannian 
manifolds. In section 6 Appendix, we prove the existence of the approximate solution u e , 
Proposition 13.11 and volume estimate of complete noncompact with p-Poincare inequality. 

2. p-Hyperbolicity 
We recall some basic facts about capacities from [34J, [7] and [8]. 

Let M be a Riemannian manifold, G C M a connected open set in M. If D and ft are 
nonempty, disjoint, and closed sets contained in the closure of G. A triple (ft, D; G) is called 
a condenser. The p-capacity of (fl, D; G) is defined by 



Cap v (fl,D;G) = inf [ \Vu\ p dv 
u Jg 



for 1 < p < oo , where the infimum is taken over all u 6 W l,p (G) n C°(G) with u = 1 in ft 
and u = in D. 

Above and in what follows, W l,p (M) is the Sobolev space of all function u G L p (M) and 
whose distributional gradient Vtt also belongs to L p (M) , with respect to the Sobolev norm 

\\ u \\i,p = W u \\l p + HVw|| Lp . 

The space Wq' p (M) is the closure of (M) in W 1,p (M) , with respect to the || norm. 
The following properties of capacities are well known (see e.g. [31]). 



fl 2 C fij =^ Cap p (ft 2 , D; G) < Cap p (fix, D; G) ; 
D 2 cD,^ Cap p (fl, D 2 ; G) < Cap p (fl, D X ;G); 

If fl x D fl 2 ■ ■ ■ D DA = ft and Di D D 2 ■ ■ ■ D n*A = A then Cap p (fi, D; G) = 
lim^oo Cap p (Oj, D^G) . 

If G\ (f2 U D) is compact, then there exists a unique weak solution u : G\ (f2 U D) — > 
R to the Dirichlet problem 

A p u = on G\ (flUD), 
w = 1 on f2, 

w = on D, 

with Cap p (fi, D; G) = J G \du\ p cfo. 

Given a compact set ft in M, an end En with respect to ft is an unbounded connected 
component of M\fl . By a compactness argument, it is readily seen that the number of ends 
with respect to fl is finite, it is also clear that if O C O' , then every end En> is contained in 
En, so that the number of ends increases as the compact fl enlarges. Let xo £ fl. We denote 
E n (R) = B X0 (R) n E n , dE n (R) = dB X0 (R) n E Q and dE n = dfinE n . 

In [20] (or see e.g. [IB] . [21]- [23], [29]), 2-parabolic and 2-nonparabolic manifolds and ends 
are introcued. In [8] , I. Holopainen defined the p-parabolic end as follows: 

Definition 2.1. Let E be an end of M with respect to fl. E is p-parabolic, or, equivalently, 
has zero p- capacity at infinity if, 

Cap p (ft,oo;E) : = lim^^ Cap p (fl, E\fli\ E) = 0, 



LIOUVILLE PROPERTIES FOR p-HARMONIC MAPS WITH FINITE g-ENERGY 5 

where {&>i} c *L 1 is an exhaustion of M by relatively compact open domains with smooth bound- 
ary and Qi CC for every integer i . 

This definition also implies: if E is an end with respect to Q, there are sequence of weakly 
p-harmonic functions {ui} , U{ G W 1,p , defined on E, satisfying 

(2.1) A p Ui = on E(ri) 
with boundary conditions 

f 1 on f2, 

(2.2) Ui = 1 



on E\Q h 

then {u^ converges (converges uniformly on each compact set of E) to the constant function 
u = 1 on E as i — > oo. 

Definition 2.2. An end E is p-hyperbolic (or p-nonparabolic) if E is not p-parabolic. 

If hi is a weakly p-harmonic function satisfying (12. ip and 12. 2\ then E is p-hyperbolic if 
and only if {hi} converges to a weakly p-harmonic function h with h = 1 on dE, infe h = 
and finite p-energy. 

Definition 2.3. A manifold M is p-parabolic, or, equivalently, has zero p- capacity at infinity 
if, for each compact set Q C M, 

Cap p (n, oo; M ) := ]wL i ^ 00 C&p p (n,M\Sl i ;Af) = 0, 

where is an exhaustion of M by domains with smooth boundary and 11; CC for 

every integer i . 

Definition 2.4. A manifold M is p-hyperbolic (or p-nonparabolic) if M is not p-parabolic. 

This definition also implies that a manifold M is p-parabolic if each end of M is p-parabolic, 
M is p-hyperbolic if M has at least one p-hyperbolic end. 

Now we focus on manifold M with two p-hyperbolic ends (cf. [7]). 

Proposition 2.1. Let M be a complete noncompact manifold, and assume M has two p- 
hyperbolic ends E\ and E2. Then there exists a weakly p-harmonic function h : M — > R with 
finite p-energy such that < h < 1, sup Bl h = 1 and inf^ h = 0. Moreover, h is C 1,a . 

Proof. Given Q C M, we fix an exhaustion of M by domains with smooth boundary 
and flj CC ty+i for every integer i . 

Denote by Ea the p-hyperbolic ends of M with respect to A . For every A, let uf A be the 
p-harmonic function satisfying 

A p uf A = in E A nQi, 
uf A = 1 on dE A , 

uf A = on dE A ,n t = d{E A n Q*) \d£ A . 
By the monotone property, wf A converges uniformly to u Ea on every compact subset of Ea- 
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For every i, let faj be the weak solution of the boundary value problem 

Aphi = in Qi, 
hi = 1 on d£li fl Ex , 
hi = on dQi n (M\Ex) . 

Then, < hi < 1, and, by the gradient estimate (cf. [15]) of p-harmonic functions, then there 
are subsequence, say {hi} , converges, locally uniformly, to a weakly p-harmonic function h 
on M, satisfying < fa < 1. 

On i?!, the maximum principle implies 1 — uf 1 < hi < 1. Hence 1 — u Bl < fa < 1 on 
so that sup Sl (l — < sup EA h = 1 gives sup Sl fa = 1 since inf Sl w 5 ' 1 = 0. 

On E2, the maximum principle implies < faj < uf 2 . Hence we have < fa < u E2 on E2, 
so that < inf^ fa < inf^ u Ei = 0. 

Now we have sup Sl fa = 1 and inf E2 fa = 0, so fa is a nonconstant p-harmonic function on 
M. 

Finally, fa has finite p-energy by 

Cap p (Ex\tti, M\ (n< U -Ei) ; M) = J M | Vfa* \ p dv ^ 0, 
and the monotonic properties of capacities. □ 



3. An £ £ -type Bochner's formula and a Kato type inequality 

First, we discuss the approximate solution of the p-Laplace's eqation: 

Proposition 3.1. Let u e , e > 0, be a solution of the Euler- Lagrange equation U.S\) with 
u — u f t ere VL is a domain in M , and u is a weak solution of the p-Laplace 

equation U.l\) . Then u e G C^ c (O) is a strong solution of U.S\) . and u e — >■ u in W l ' p (Q) as 

Proof. Since the equation (11. 2p is no longer degenerate, the assertion follows (see Theorem 

As stated in the Introduction, for each solution u t of a perturbed p-Laplace equation (II. 2p . 
we introduce and study a linearlized operator C e of the perturbed operator A p e (jl.3p . We 
note £ e (/ 2 ) (x) is well define for all x G Vt , since f e >0 and J 2 G C^ c (fi) . The case £o(/o ) 
is treated by Kotschwar-Ni [15] . 

Now we use the operator C e to derive a generalized Bochner's formula (or an £ e -type 
Bochner's formula) for the solution u e of (II. 2p . 

Lemma 3.1. Let u e be a solution of M.ty) on C M , f e = y \Vu e \ 2 + e , and Vdu e be the 
Hessian of u e . Then for every p > 1, 

(3.1) f£ e (/ 2 ) = Effp-*\Vf?\ 2 + fr 2 {\Vdu 6 \ 2 + mc(Vu e ,Vu t )). 

Proof. Since f t ^0, for every p > 1 , the perturbed p-Laplace equation (II. 2ft is equivalent to 

(3.2) ^(V/ 2 ,V^) = -/ 2 Au e . 
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On the one hand, (I3.2p implies 

(3.3) £z2 /r 6 (VMe ,V/ e 2 ) 2 = -/r 4 (V^,V/ £ 2 )A« £ . 

On the other hand, taking the gradient of both sides of f ]3.2[) . and then taking the inner 
product with V« e , we have 

(3.4) E_2( V (V/ e 2 ,V Me ),V^) = -(V/ 2 ,V Me )A^-/ 2 (V(A Ue ),V We ). 
Now we compute 

|£ e (/ £ 2 ) = Idiv(/r 2 V/ 2 + (p-2)/r 4 (V« e ,V/ 2 )Vn e ) 

(3.5) = 1 v/ 2 i 2 + i/r 2 A/ 2 + i£^zf) /r 6 (VUo v/ 2 )2 

+ £ _2 /f _ 4 (v v/ 2 } ^ + v/ 2 } 

Substituting (I3.4f) into (13. 5p . one has 



i£ £ (/ 2 ) = ^ /r 4| V / 2 | 2 + I/r 2 A/ 2 + ^/r 4 (Vn e ,V/ 2 )A^ 
Applying Bochner's formula 



(3.6) '•" ' 1 



|A/ 2 = |Vdu £ r + (Vw £ , VAw £ ) + ffic (Vw £ , Vw £ ) 

and the equation (13.31) to the second term and the last term of right hand side of (13. 6ft 
respectively, one obtains the desired formula (13. ip . □ 

We derive the following Kato type inequality for the approximate solution u t : 

Lemma 3.2. Let u e be a solution of U.S\) on Q C M m , p > 1 and k be as in U.5\) . Then 
the Hessian of u e satisfies 

(3.7) \Vdu t \ 2 > (l + «) \V\du e \\ 2 

at x G Q with du t (x) ^ 0. 

Proof. Fix x £ Q C M with du e ^ 0, we select a local orthonormal frame field {ei, 62, . . . e m } 
such that, at x, V ei ej = 0, Vu e = \Vu e \ e\, and u e>a — for all i, j — 1, . . . , m, a — 2, . . . , 
where it £)Q; = (Vu e , e a ) . 

Let / = |Vu £ | , f e = ^/| V-u £ | 2 + e and the directional derivative f e> i = (V/ £ ,ej) . Denote 
the directional derivative (Vit £i j, &,-) by M £i y . Then (I3.2p implies 

A« £ = -|=|(V/ 2 ,V« £ } = -SSl^/*.^, 



2/2 \ v j e , v u, e/ - 2/ 

P- 
2/, ; 
P- 
2/, : 

Moreover, by using the following property 



P-2 f2 

~~fT Je ,l M e,l 
P-2 r2 f 

- n f 2 J t ,U ■ 



2fUe,lj- 



We have 

(3.8) Au e = dz$r u 



8 SHU-CHENG CHANG, JUI-TANG CHEN, AND SHIHSHU WALTER WEI 

and 

(3-9) = /.,• 

On the other hand, 

E5=l ( U ^j) 2 ^ (^,ll) 2 + 2 J2a=2 K,la) 2 + E!T=2 { U e,a a f 

( 3 - 10 ) > (^Mi) 2 + 2EL 2 (^) 2 + (E ^-T" )2 

= (^i) 2 +2E: =2 Ki a ) 2 + (A " m -_r )2 - 

Therefore, by using (I3.8jl and ( 13. 9ft . the inequality ( 13.10ft can be written as 

( \p-2)f 

E^iK*;) 2 > Kn) 2 + 2Er= 2 Kia) 2 + 



i u, 



ell 



m— 1 

2 



( 1 + (m -i)/4 ; J Kll) + 2 Ea=2 Kla 



> a + «) e;=i Ky) 2 

= (i + ^)|v/| 2 , 

where k be as in (11.5ft . This completes the proof. □ 

4. The Proof of Theorem 11.11 

Now we use Lemma 13.21 Lemma 13.11 and weighted Poincare inequality ( 11. 6ft to obtain the 
following inequality ( 14. lft : 

Lemma 4.1. Let M be a manifold satisfying the hypothesis of Theorem 11.11 Let u e be a 
solution of on B (2R) C M. Then we have 

(4-1) Cj B{R)P \Vu e fdv < WJB m \B iR) (\Vu.\ 2 + eydv, 

where C (p, m, n, r, e 1; e 2 ) > and B (p, m, k, ei, e 2 ) > are positive constants for sufficiently 
small constants e±, e 2 > . 

Proof. Let Q = B (2R) be a geodesic ball of radius 2R centered at a fixed point. 
In view of Lemma I 



/ e 2 |VV| 2 = / 2 |Vd^| 2 + e|W| 2 > ^|V/ 2 | 2 + e|W| 2 
holds for all on M. Then, by Lemma 13.11 we rewrite Bochner's formula as 

(4.2) |£ e (/ e 2 ) > ( P -l + K)fr 2 \Vf e \ 2 + fr 2 Mc(Vu e ,Vu e ), 

here we use V/ e 2 = V/ 2 . 

We multiply both sides of (14.2ft by rf and integrate over M, 
(4.3) 

\j M r?C e {f*)dv > (p-l + «) f MV 2 fr 2 \Vf e \ 2 dv + f MV Zfr 2 Ric(Vu e ,Vu e )dv 
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where r] G C^°(M) is a cut-off function with < r] (x) < 1 on M satisfying 

7i(x) = l if x G B(R), 



\Vr](x)\<f HxeB(2R)\B(R), 
rj(x) = if x G M\£ (2i2) . 

On the other hand, applying integration by parts and Cauchy-Schwarz inequality one 

< 2f M r ) \V V \(fr 1 \Vf e \ + \p-2\fr 3 P\Vf e \)dv 

< 2(l + \p-2\)j M r ] \V V \fr 1 \VMdv 

< *i Im V 2 fr 2 I V/ e | 2 dv + ii±^ J M \Vr]\ 2 ffdv, 
where e± is a positive constant satisfying 

p— l + « — ei>0. 

Then (14. 3|) implies 

{± ^^ $ M \Vri\ 2 ffdv > (p-l + K-e 1 )f M r,*fr 2 \Vf e \ 2 dv 

+ J MV 2 fr 2 Rtc(Vu e ,Vu e )dv. 

Besides, we may rewrite the first term in the right hand side of ( 14.41) by 



(p- 


- 1 + « 


4(p- 


-1+K-ei) 




p2 


4(p- 


-1+re-ei) 




p'2 


4(p- 





ImV 2 



/ W |v(»7/e 5 )-(Vl7)/i 



> 



M 



4(l-e 2 )(p-l+K-£i) 



X 



2 (V ^//J , // Vr/) + | V?7| 2 /f j ^ 

2 4(1- i)(p-l+K- £l ) „ 



where 62 is a positive constant satisfying 62 < 1. Thus, we have 



4(l-e 2 )(p-l+*-ei) 



(4.5) 



X 



< 



(1+|P~2|) 2 4 U~ 1 y 
« + P 2 



(p— 1+K— ei) 



dv + J M r] 2 fP- 2 Ric(Vu e ,Vu e ) dv 
f M \V V \ 2 f?dv. 



According to weighted Poincare inequality (\l.6\1 

f M p**dv < f M \V*\ 2 dv 

with iff = r]fe , then (14.51) implies 

(4-6) f BiR) Afr 2 dv < ^J BmXB{R) f!dv, 



for all fixed R > 0, where 

.4 



4(l-£ 2 )(p-l+*-ei) „f2 



pfl - Ric(Vu e ,Vu e ) 
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and 

B = ( (l + b-21) 2 , 4(^-l) (p-l+K-ei) 
I ei P 2 

Since the curvature condition ( 11.4ft means that there exists a constant < r < 4 ^ p ~2 + ^ 
such that 

f2ic M > -TP, 

Then 

A > C (p,m,K,T,e 1 ,e 2 ) pf 2 

with C > whenever we select e\ and e 2 small enough. 
Hence, (14. 6 j) gives 

where C (p, m, k, r, ei, e 2 ) > 0, and B (p, m, k, ei, e 2 ) > 0. 

□ 

We are now able to prove our main result in this section. 
Proof of Theorem 11.11 

Given B (R ) C M, if we are able to show J B ^ Ro - ) P \ Vu\ p dv < 5 for any < 5 , then this 
implies Vu = on B (Ro) . Since I? (Ro) is arbitrary, it must be constant on M. 

Moreover, if we assume M has at least two p-hyperbolic ends. By Proposition I2.1[ one 
may construct a nontrivial bounded p-harmonic function with finite p-energy on M, this 
gives a contradiction to our conclusion, hence M has only one p-hyperbolic end. 

Now we prove the claim. By using the finite p-energy of u, we may select << R < 00 
large enough such that B (R) D B (Ro) and 

i? 2 C JB(2R)\B(R) I V "I ^ ^ 

where I? and C are defined as (14.11) . 

Now we construct u e G C°° (B (2R)) such that u e = u on <9£> (2/2) and u € satisfying (11. 2p . 
Then (14. ip implies 

as e —7- 0, we may therefore conclude that 

J B (R )P\Vu\ p dv < 5. 

If M has positive spectrum A > 0, then M has p-Poincare inequality 

X P J M W< J M |V*r, A p >0 

for all * e W 1,P (M) and p > 2 (cf. [12] Theorem 1.8). Since p-Poincare inequality and 
Caccioppoli type estimate imply decay estimate (see Lemma E31 which is similar to the work 
of [25] Lemma 1.1 and Lemma 1.2), then p-Poincare inequality infers that M must be a 
p- hyperbolic manifold (see Theorem 16.31) . So we have the following Corollary. 
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Corollary 4.1. Let M m ,m > 2, be a complete noncompact Riemannian manifold with 
positive spectrum A > and 

RicM > — tA 

where p > 2, and constant r is the same as in Theorem \l.l\ Then every weakly p-harmonic 
function u with finite p-energy is constant. Moreover, M has only one p-hyperbolic end 

Remark 4.1. Similarly, if M has p-Poincare inequality, 1 < p < 2, then M has positive 
spectrum A > 0. Hence, if M m , m > 2, is a complete noncompact Riemannian manifold with 
p-Poincare inequality, 1 < p < 2, and Ricu > —r\ where r < 4( - p ~a|^^~ 2 ^ . Then M has 
only one p-hyperbolic end. 



5. Strongly p-harmonic functions with applications 

5.1. Bochner's formula. Let u be C 3 a strongly p-harmonic function for p > 1, then it is 
easy to see that | Vu\ p ~ 2 Vu must be differentiate on M, and u must be a solution of (15. ip 
as follows. 

Lemma 5.1. If u is a C 3 strongly p-harmonic function for p > 1, then u is a solution of 
(5-1) f 2 Au + P^ {V f )Vu ) = o, 

where f = |Vu| . 

Proof. First, we multiply both side of (II. 1ft by / 4 , because of / 4 G C 2 (M) , then 

/ 4 div(/P- 2 Vu) = 



implies 



Since p > 1 and 



= div(/P +2 W) -2/p(V/ 2 ,Vw) 

= fP +2 Au + (V/ p+2 , Vw) - 2fP (V/ 2 , Vu) . 



V/ p+2 = V ((/ 2 )^) = ^/ p V/ 2 , 

so we have 

(5.2) fP +2 Au+^fP(\7f 2 ,\7u) =0. 

In fact, it is easy to see that the equality (I5.2p implies 

PAu + p -^(Vf 2 ,Vu) = 

on all of M. 



□ 



Remark 5.1. (1). If u is a solution of (15. ip . u may be not a strongly p-harmonic function, 
e.g. u = constant on M. (2). For p > 4, u G C 2 (M) is a solution of (15.11) if and only if u is 
a strongly p-harmonic function. 
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Now we define an operator £ Sj£ by 

£ a , E (*)=div(/»A s (V*)), 

for $ G C 2 (M) , where s G M, p > 1, £ > 0, f e = ^ f 2 + e and 

A £ := id + (p-2)^§^. 

Note that £ Sj£ is a linearized operator of the nonlinear equation (11. ip . and C S £ (f 2 ) (x) is 
well define for all x G M since f £ > and / £ 2 G C 2 (M) . 

Next we use the operator £ Sj£ to derive the Bochner's formula of strongly p-harmonic 
function, i.e. the Bochner's formula for the solution of (15. ip . We note that this formula is a 
global formula, that is, this formula is well defined on all of x G M. 

Lemma 5.2 (Bochner's formula). If u G C 3 (M ) is a strongly p-harmonic function. Let 
f = |Vw| and f £ = \J f 2 + e, then for all p > 1 and s G K, £/ie formula 

\£sA® = I/r 2 iv/li 2 + / £ s ES=iK + ^^) 

I (p-2)(s-p+2) y s _4 ^y,^ y j2^ 2 

+e (/r 2 (V U) VA«) + (Vtt, V/ 2 ) Au) 

holds on all of M. In particular, if p = 2, then 

\£s,e (/|) = f /r 2 1 v/ 2 | 2 + f! ES=i K- + Ruws) 

holds on all of M and for all s£l. 

Proof. By Lemma \5. 11 then u must be a solution of (15.11) . Taking the gradient of both sides 
of (15. ip . and then taking the inner product with V« , we have 

= ^(V(V/ 2 ,V M ),Vn) + (V/ 2 ,V W )A M 
^ +/ 2 (V (Am) , Vu) • 

Now we rewrite £ Si£ (/ 2 ) as the following formula, 

i£,, £ (/ 2 ) = idiv (/« V/ 2 + (p - 2) /r 2 (Vu, V/ £ 2 ) V«) 

= f/r 2 iv/ 2 i 2 + ^A/ 2 

(5.4) + (PzM£zH) /r 4 (VU;V/ 2 } i 



l/r 2 iv/ £ T + |/ e s A/i 

(p-2)(s-2) f S -4 /V7 „, Y7f2\2 

+ 2 r/r 2 (v (v M ,v/ 2 ),Vn) 

+^/r 2 (v«,v/ 2 )An. 



Combining (I5.3p . one has 

|£ s , £ (/ £ 2 ) = f/r 2 1 v/ir + |/ e s A/ ( 

(5.5) 



( P -2)( 8 -2) ^-4 ( Vm ,V/ 2 ) 2 



-/r 2 / 3 (v (a«),v«) 
+V/r 2 (vn,v/ £ 2 )An, 



here we use the fact V/ 2 = V/ 2 . 
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According to (15. ip . the last term of right hand side can be rewritten as 

r e - 2 (vu,vp e )^u = /r 4 (/ 2 + ^)(v^v/ £ 2 )An 

= /rV 2 (V«, V/ 2 ) Au + eft 4 (V«, V/ 2 ) Au 
= - P -rfr 4 (Vti, V/ 2 ) 2 + e/r 4 (V«, V/ 2 ) Au. 

Using Bochner's formula 

\ A/ 2 = ES-i 4 + (V«, VAn) + £™ =1 
and the equality A/ 2 = A/|, then (15. 5p gives the desired 

= f/r 2 |v/ e 2 i 2 + / £ s E5=i(4 + ^%) 

+ (p - 2)( r p+2 V r 4 (v^,v/ 2 ) 2 

+e (ft 2 (Vti, VA«) + (V«, V/ 2 ) A W ) . 

□ 

We show a refined sharp Kato's inequality for a strongly p-harmonic function, generaling 
the work of [25j(or [26J) for the case p = 2, and extending the work of [TS] for a function 
logf, where v is a positive p-harmonic function. 

Lemma 5.3 (Refined sharp Kato's inequality). Let u G C 2 (M) be a p-harmonic function 
on a complete manifold M m , p > 1 and k = min|^^-,l| . Then at any x G M with 
du (x) 7^ 0, 

(5.6) \V (du)\ 2 > (1 + k) \V \du\\\ 

and "= " holds if and only if 

= and uu = -^yit aa , for (p - l) 2 = m - 1, 

= 0, uia = and u u = -^Eru aa , for (p - l) 2 < m - 1, 
= and Uu = 0, for (p — l) 2 > m — 1, 

for all a, — 2, . . . , m, a ^ j3 and % — 1, . . . , m. 

Proof. Fix a point x G M. If du ^ at x, we are able to select a local orthonormal frame field 
{ei,e 2 , . . .e m } such that, at x, V^e^ = 0, Vw = |Vu| ei, and it Q = for all i,j = 1, . . . ,m, 
a = 2, . . . , m. Here we use the convenient notation Ui = (Viz, e^) . 
Observing that 

£™ =1 (^') 2 - ( Ml1 ) 2 + 2 £«=2 ( M l«) 2 + TJ2=2 i U ocaf 

( 5 - 7 ) > Ki) 2 +2ir =2 kj 2 + (E -; 2 _"r )2 

= («n) a + 2ESU(«i«) 8 + ^ lj! - 

However, let / = |Vm| , using 

= div(f p - 2 Vu) 

= fP- 2 Au+(p-2)fP- 3 (Vf,Vu) 
= u p 1 - 2 Au+(p-2)u p 1 - 2 f u 
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and 

f _ {[_ Yj _ (^'=1 U i)j _ J2iLl u iUij _ UxUxj 

(5.8) JJ - 2/ - 2/ ~ / - f 

= Uij, 

then we obtain 

(5.9) Au = -{p-2)u u . 
Therefore the inequality ( 15. 7p can be written as 

(sio) = ( 1 + t#)(M 2 + 2EL 2 K a ) 2 

> (i + «)Er=iKf 
= (i + ^)|v/| 2 . 

Then (I5.6P follows. 

When "=" holds in the inequality ( I5.6p . then by (15. 7p . we have 

u a p = for all a ^ (3 and a, {3 = 2, . . . m, 

and 

(5.11) u aa = upp for all a, {3 = 2, . . . m. 

Using ( I5.9p . then (15. lip gives 



M n = ~^ZY u aa for all a = 2, ... m. 



Moreover, by (I5.10p . 



If (p — l) 2 < m — 1, then u lct = for all a — 2, . . .m. 



• If {p — l) 2 > m — 1, then = 0, i.e. Uu = for all i = 1, . . . m. 
Hence we complete the proof of Lemma. 



□ 



Example 5.1. If u (x) = log \x\ in W n \ {0} , then it is easy to check that A m u = for all 
m > 2. Since 

|V^| 2 = Er^(^-^) 2 ™d |V|V«|| 2 = ^, 

then we obtain 

\Vdu\ 2 = m\V \Vu\\ 2 
for m > 2. This example implies Lemma \5. 3\ is sharp in the case of p = m = 2. 

p — m 

Example 5.2. Let u(x) = \x\ p- 1 in M. m \ {0} , p ^ m, then u is a p-harmonic function. 
Since 

Wduf = (Wf m^ 2 J2Z=i + (fef - 1) 



and 



iviv«ir = ( ^y ) 
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then we have 

\Vdu\ 2 =[l + ^) \V\Vu\\ 2 . 
This example implies Lemma HTB is sharp in the case of (p — l) 2 < m — 1. 



5.2. The Proof of Theorem 11.21 We need several Lemmas: 

Lemma 5.4. Let M m be a complete noncompact Riemannian manifold satisfying (P p ) and 
(TOD. Let u G C 3 (M m ) be a strongly p-harmonic function, p > 1, p ^ 2. Then, for any 



< e,E 1 ,E 2 < 1, 

(5-12) J B{R) A 2 ft 2 dv + sB <^ J Bm \ B{R) f?dv, 

for all fixed R > 0, where 



(5.13) 

and 
and 



Bo = /M^(/r 2 Eri=i<+/r 2 (vu,vA M } 



A _ 4(l-e 2 )(q-l+K+b-£i) n fl \r^m p 



B _ (1+IP-2I) 2 . 4(^-l)( g -l+«+&- El ) 



Proof. Combining Lemma 15.31 and Lemma 15.21 and using the formula 

f 2 \V{du) 

holds on all of M, we have the following. 



f 2 \V(du)\ 2 > ^|V|^| 2 | 2 



|A, £ (/ £ 2 ) > (s+l + K)f:\Vf £ \ 2 + f^Z=l R ^ 

+ (p ' 2)( r +2) /r 4 (v^,v/ 2 ) 2 

(5-14) +e f 2 4 + / e -2 (v«, VAw) 

+fci/--4 (Vn,V/ £ 2 )An 

Proceed as in the proof of Lemma 14.11 we multiply both sides of (15.141) by a cut off 
function rf G C^°(M) and integrate over M. Then use integration by parts, Cauchy-Schwarz 
inequality and a weighted Poincare inequality, the assertion follows. □ 

Lemma 5.5. Let Bq be the formula Ii5.13\) . p > 1, p ^ 2. (i) If s > 0, i/ien e-Bo -)■ as 
e — > 0. (mJ If b < m anc £ s > — l. £/ien e5 > as e — > 0. (raj In particular, if p = 4 

and s > —1, t/ien eBr, > as £ — > 0. 
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Proof. For s > 2, then it is easy to check that ef^~ 2 — > as e — > 0. 
If < s < 2, then we have 

(5.15) ef s ~ 2 = j^< F^72 = z s/2 -> as e -> 0, 



and 



e/r 4 (Vn,V/ £ 2 ) = 2e/r 4 Er,=i 



s-4 |„, I V^m 



< 2e/ e s 4 sup ijj=li ... jm \uij\ E 



,i=l,— ,m I "'ij I Z-ji,j=l 

( 5 - 16 ) < 4 ^/r 4 / 2 sup i =1 m |M ii i 

s-2 , 



< Amefl 2 sup iJ=1 
->■ as e ^ (By 1EU5|1 ). 



and 



£ /r 2 iv/ £ i 2 = i/r 4 iv/ir 

= 4 EiJ,fc=l UikUkjUiUj 

( 5 - 17 ) < 2/cm£/ £ s - 4 / 2 sup ij . fc=li ... im |^ fe | |u fcj -| 

< 2kmef s £ - 2 sup <J) fc=1) ... t Tn K fe | |u fci | 
-»■ as £ ^ (By (OBI) ). 

If -1 < s < 0, 

(5.18) ^//r 2 < (/2+£) i/ 2 - s / 2 < ^ 1/2+s/2 -> as 0. 

(i) For any fixed R and s > 0, by (15.151) . (15.161) and (15.171) . then we obtain 

eBo = ef MV 2 (fr 2 ZZ=i^ + ft 2 (Vu,VAu} 

+^/r 4 (v«, v/ £ 2 ) An - 6/ £ - 2 1 v/ £ | 2 ) ^ 

< e J M v 2 (/r 2 £™=i 4 + ft- 2 1 (Vti, V A«> | 

+^/r 4 i<vu, v/ 2 )i |a«i - bft 2 \vf e \ 2 y v 

— > 0, whenever e — > 0. 

(p-4) 2 m 



(ii) Since b < —^—r — , then we have 



ft 2 ES=i w l + ¥/r 4 (V«, V/ 2 ) An - bft 2 |V/ e | 



2 



> /r 2 ES=i 4 - vr a I vm 2 - b - 4| ft 2 |v/„i |a«i 

> /r 2 Er J= i - vr 2 1 v/ £ i 2 - - ^ /r 2 1 v/ e 

> o, 
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here we use Y^Tj=i u ij — ■ Hence by (15.151) and (I5.18p . 

eB = ^ M ^ 2 (/r 2 E™=i4 + /r 2 (v«,vA W ) 

> £ / M r/ 2 / £ s - 2 (V W ,VA M ) 

> -£/ M? 7 2 /r 2 /|VA W | 

— > whenever s > —1 and e — > 0. 

(iii) Since p = 4, by applying ( 15 . 1 5 j) and (I5.18p . then 

eB = ^ A ^ 2 (/r 2 ES=i^ + /r 2 (V^VA«)-6/r 2 |V/ £ | 2 ^t; 

> -sJ MV 2 fr 2 f\VAu\ 

— )■ whenever s > — 1 and s — >■ 0. 

□ 



Now we prove Theorem 11.21 

Proof. For the case of p = 2, the proof is similar to the case p 2 (or see [25J ) , so we assume 
p^2. 

Since the curvature condition (I1.7P means that there exists a constant < 5 < 1 such that 

4(g-l+K+b) 

Hence if we select e — >■ and g = s + 2, then Lemma l5~5l implies that (15.121) can be rewritten 

as 

(5-19) Ib { r) A ^ < Ib(2R)\b(r) f q dv, 

where 

A _ ( 4(l-£ 2 )(g-l+K+fe~ei) _ 4(q-l+K+b)S \ 
3 I ~qi / F- 

Hence one has A% > whenever we select e\ and Si small enough. Suppose / £ L' (-W), 
then the right hand side of (15.191) tends to zero as R — > oo, and then we conclude that f(x) 
equals to zero for all x G M and for all < 5 < 1, i.e. u (x) is a constant on M for all 
< 6 < 1. 

In particular, if 1 < p < 2, since constant function is not a strongly p-harmonic function, 
then such u does not exist. □ 

Remark 5.2. If we replace the finite g-energy by J B ( 2 r)\b{r) \Vu\ 9 dv = o(R 2 ) as R — > oo, 
then Theorem 11.21 is still valid. 

If p > 2 and p > q, then 

g-l + K + 6 = g - 1 + k + (p — 2) (q — p) 
= {p - 1) q - (p - i) 2 + « > 0, 
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whenever q > max |p — 1 — 2 j . Therefore, we have 

Corollary 5.1. Let M m be a complete noncompact Riemannian manifold satisfying (P p ) 
and ( [1. 7| ) ; where 

4 ((p-i) g -( p -i) 2 +K ) 
r < q2 

K = min{ ^3 , 1}, p > 2, p > q. Let u G C 3 (M m ) &e a strongly p-harmonic function, with 
finite q-energy E q (u) . Then u is a constant if p and q satisfy one of the following: 

(1) p = 4,q> 9 -^, 

(2) p^ 4, and either max 1 - ^-j <q<p - or q > max{p - 1 - ^-,2}. 

In particular, if p = q, then every strongly p-harmonic function u with finite p-energy is 
constant. 

Corollary 5.2. Let M m be a complete noncompact Riemannian manifold satisfying (P p ) 
and fli. 7| ), where 

4(p-l+«) 

k = min{^-,l}. Ifu G C 3 (M m ) is a strongly p-harmonic function for p > 2, with 
E p (u) < oo, then u is a constant. 

Corollary 5.3. Let M m be a complete noncompact Riemannian manifold satisfying (P p ) 
and fli. 7| ), where 



T < 



and g > zr ^. T/ien ever?/ strongly harmonic function u with finite q-energy is constant. 



Remark 5.3. According the following Lemma |5.6[ we can replace "Let u G C 3 (M m ) be a 
strongly jo-harmonic function" in Theorem [T72] by "Let -u G C 3 (M m ) be a weakly p-harmonic 
function for p G {2} U [4, oo), and is strongly p-harmonic for p G (1, 2) U (2, 4)" . 

Lemma 5.6. If u £ C 2 (M) (resp. u G C° (M) ) is a weakly p-harmonic function for 
p G [4, oo) (resp. p = 2 ) , then u is a strongly p-harmonic function. 

Proof. By assumption, u satisfies 

! M {f p - 2 Vu,Vr,) dv = 

for every rj G (M) , where / = |Vu| . Since u G C 2 (M) , and either p = 2 , or p > 4, we 
have f p ~ 2 G C 1 (M) . Hence J p ^ 2 Vw G C 1 (M) , and the divergence theorem implies 

= J M (f p - 2 Vu, V77) cfo = - f M div (/ p " 2 Vw) r? dv 

for every 77 G (M) . This completes the proof. □ 
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If) 



5.3. Application to p-harmonic morphism. A C 2 map u : M — > N is called a p- 
harmonic morphism if for any p-harmonic function / denned on an open set V of N, the 
composition / o u is p-harmonic on u~ l {V). Examples of p-harmonic morphisms include the 
Hopf fibrations. E. Loubeau and J. M. Burel ([2]) and E. Loubeau([TT]) prove that a C 2 
map u : M — > N is a p-harmonic morphism with p G (1, oo) if and only if u is a p-harmonic 
and horizontally weak conformal map. 

Theorem 5.1. Let M m be a complete noncompact Riemannian manifold, satisfying (P p ) and 

where t < ^~ 1 + K+b ) , K = m i n { (^zil!, 1} and b = min{0, (p-2)(g-p)}. Ifu G C 3 (M m ) 

is a p-harmonic morphism u : M m — > A; > of finite q- energy E q (u) < oo. 
(I). Then u is constant under one of the following: 

(1) p = 2 andq>^, 

(2) p = 4, q > 1 and q-l + K + b>0, 

(3) p > 2, p 4, and either max |l,p — 1 — ^zjj < q < P~ ^^rp or max {2, 1 — « — 6} < 
?• 

(77j. T/ien u does not exzt under 

(4) I < p < 2 and q > 2. 

Lemma 5.7. [39]Le£ M,N and K be manifolds of dimension m, n, and k respectively, 
and u : M ^ N, and w : N ^ K be C 2 . If u is horizontally weak conformal, then 
\d(wou)\P~ 2 = {\)^\dw\P- 2 \du\v- 2 . 

Proof of Theorem 15.11 Let u l = 7Tj o u , where 7Tj : — > R is the z-th projection. Then 
the linear function 7Tj is a p-harmonic function (cf. 2.2 in [37] ). Hence u l , a composition 
of a p-harmonic morphism and a p-harmonic function is p-harmonic. Since u is horizontally 
weak conformal, it follows from Lemma l5\7l that E p (u) < oo implies E p {u % ) < oo . Now apply 
u % to Theorem 11.21 the assertion follows. 

These results are in contrast to the following: 

Theorem 5.2. [39J If u : M m — > R fc , k > 0, is a p-harmonic morphism, and if there exists 
i, such that u l = iii o u is p-finite, i.e. 

]iminf r _ +O0 ^ J B{r) ^ dv < oo 

where B (r) is a geodesic ball of radius r, for some q > p — 1. Then u must be constant. 

As further applications, one obtains 

Theorem 5.3. Let M m be a complete noncompact Riemannian manifold, satisfying (P p ) 

and 7\ ), where r < 4 (g~ 1 + w + b ) ; K = min{ , 1} and b = min{0, (p — 2)(q — p)}. Let 

u G C 3 (M m ) be a p-harmonic morphism u : M m — > R fe , k > 0, and f : u (M m ) cK fc ->l 
be a nonconstant p-harmonic function. Assume f o u has finite q energy E q (f o u) < 0. 
(I). Then u is constant under one of the following: 

(1) p = 2andq>^, 

(2) p = 4, q > 1 and q-l + K + b>0, 

(3) p > 2, p 4, and either max |l,p — 1 — ^zf| < <? < p — ^^Tp or max {2, 1 — k — 6} < 
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(II). Then u does not exit under 
(4) 1 < V < 2 and q > 2. 

Lemma 5.8. A nonconstant p-harmonic morphism u : M m — > IR fc is an open map. 

Proof of Theorem 15.31 Since u is a p-harmonic morphism, then / o u is a p-harmonic 
function on M m . According to Theorem 11.21 then / o u is a constant c. On the other hand, 
due to Lemma l5\8l u and / are open maps whenever they are not constant. Now we assume 
that u is not constant, then the image of u is an open set u (M) C M. k . Hence / o u (M m ) 
is an open set. This gives a contradiction to / o u (M m ) = c. Then we conclude that u is a 
constant. 

Theorem 5.4. (Picard Theorem for p-harmonic morphisms). Let M m be as in Theorem 
[Pi Suppose that u e C 3 (M m ) is a p-harmonic morphism u : M m — > R k \{yo}, and the 

p — m 

function x i— > \u(x) — yo \ p- 1 has finite q-energy where p m, for p and q satisfying one 
of the following: (1), (2), and (3) as in Theorem 15.31 Then u is constant. For p and q 
satisfying (4) as in Theorem \5 . 3\. then u does not exist. 

p—n p—n 

Proof. Since l^l™- 1 is a p-harmonic map. Then \u(x) — yo| n_1 : M — > K. is a p-harmonic 
function with finite g-energy. By Theorem 15.31 when p ^ n, we obtain the conclusion. □ 

5.4. Application to Conformal Maps. Our previous result can be applied to weakly 
conformal maps between equal dimensional manifolds based on the following: 

Theorem A Q28J) u : M — > N is an m-harmonic morphism, if and only if u is weakly 
conformal, where m = dim M = dim . 

For instance, stereographic projections u : M m — > S m are m-harmonic maps and m-harmonic 
morphisms, for all m > 1 . 

Theorem 5.5. Let M m be a complete noncompact m-manifold satisfying (P p ) and Ijl-lfy , 
where r < 4( ^t^ and b = min{0, (m — 2){q — m)}. If u : M m — > M. m is a weakly conformal 
map of finite q-energy E q (it) < oo. Then u is a constant if m and q satisfy one of the fol- 
lowing: 

(1) m = 2 and q > 0, 

(2) m = 4, q > 1 and q + b > 0, 

(3) m > 2, m ^ 4, and either m ^_~ 2 - > < q < m — ^r-^jr or q > max{2, —b}. 



Proof. By Theorem A (|28j), u is an m-harmonic morphism. Now the result follows imme- 
diately from Theorem 15.11 in which p = m. Since log |x| is an n-harmonic function. Then 
log|u(x) — yo\ : M W is an n-harmonic function with finite g-energy. By Theorem 15. 3\ 
when p = n, we obtain the conclusion. □ 
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6. Appendix 

6.1. The existence of the approximate solution. In this subsection, we study an ap- 
proximate solution u e of the p-Laplace equation or a solution u e of a perturbed p-Laplace 
equation 

(6.1) A Pt6 u e = div^flVii^ + e) 2 * 2 Vu e ^ = 

on a domain Q C M with boundary condition u e = uon dQ. That is, u e is the Euler-Lagrange 
equation of the (p, e)-energy E p ^ functional given by 

(6.2) E p ^) = J n (\V^\ 2 + e f 2 dv 
with * G W 1 * (tt) , and f = m on dQ. 

Theorem 6.1 ( The existence of u e ). Let u be a W l,p function on a domain Cl C M. Then 
there is a solution u e G W l,p (Q) of the Euler-Lagrange equation of the (p, e)-energy E p ^ with 
u t = u on the boundary of CI. in the trace sense 

Proof. Let H be the set of functions v G W 1,p (Q) such that v = u on the boundary of Q in 
the trace sense, and / = mi{E Pie (v) : v G H}. Then u G H, H is nonempty, and / exists. 
Furthermore / < E p>€ (u). 

Take a minimizing sequence {vi} c *l l such that E P)E (vi) tends to / as i tends to oo. 

Then {i>i}~i is a bounded sequence in W 1,p (fl). Hence there exists a subsequence, say 
{ u i}iZi ) converges weakly to u t in W 1,p (fl), strongly in L p (fl), and pointwise almost every- 
where. We infer u e is in H, since H is closed. Thus / < E p>€ (u e ) . 

To prove / > E Pit (u e ) , it suffices to prove the lower semi-continuity of E Pit (two methods). 
Method 1: 

If dimM > 2 , we let viix) be a unit vector perpendicular to a tangent plane containing 
Vui and Vu t (in the tangent space T x (M) to M at x), for a.e. x G . If dimM = 2 , we 
isometrically embed M in a Euclidean space IR fc for sufficiently large dimension k to obtain 
such Vi (x) G M fc . 

We set 6 = Vuj(x) + y/eu^x) and a = Vu £ (i) + y/evi{x). Then on f2 , |6| = A/|Viii| 2 + e 
and |a| = A/|Vw e | 2 + e. 

If m — 2, we use the dot product in M fc . 
Applying the inequality 

\b\ p > \a\ p +p(\a\ p - 2 a,b-a} Rk 
and integrating over Q, we have for m = 2 

^p,e(^) > #p, £ (w £ ) + / n ((|Vu £ | 2 + e)^(VM e + y/evi), Vui - Vu e )^ k dv 
= E P!€ (u e ) + f n ((\Vu t \ 2 + e)^Vu e , - Vu e ) M dv 

We note that in the last term, (|V« e | 2 + e) E 2~Vw e is in L~{Vt) , Vwj — Vw e is in L p {Vt) , and 
if m > 2 , we do not need the intermediate step in the above inequality. 

Since Vui converges weakly to Vu e in L p , the last term tends to as % tends to oo. 

It follows that Ep !e (u e ) < liminf E p ^{uj) = I. 
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Method 2: 

Since Banach-saks Theorem (see, e.g. [23] p. 120, [30] p. 80) asserts there exists some 
subsequence, say it again Vi for simplicity, such that the average 

,., _ Vl+V2-\ \~Vn 

" n 

converges strongly to u e in W 1,P (Q). Combining this property and Lemma |6.1[ we have 
E Pt e (w n ) — > E pe (u e ) as n — > oo. 

Moreover, according to the convexity of E PtC , one has 

E p , e K)< E ^f p - eK) . 

This implies E p>e (u e ) < I as n — > oo. 

So we obtain lower semi-continuity of E PiC . 

□ 



Lemma 6.1. If Vj converges strongly to Vq in W l,p , then E P)t (v{) converges to E P}E (vq) . 

Proof. Step 1: Since converges strongly to v in W 1,p , i.e. f n \ Vi>j — Vi>o| p dv — > as 
i — y oo. Then we have 



\>\Vvo\ 



\Vvi - Vv \ p dv -> and f ]Vvil<Vvo 
as i oo. By using Minkowski's inequality, these also imply 

W|v*| (l V ^ |P - 1 Vv ° n * "> ° and Wiv«»| ^v \ p 
as i — > oo. That is, J n ||Vi'o| P — |Vvj| p | dv — > as i — > oo. 
Step 2: If we show that, for any positive constant 5 > 0, 



- Vv | p cfc 

Vu.-Hcfo ->■ 



(6.3) 



|V^r + e) 2 - (|Vuo| 2 + e) 5 <a||V^r-|Vz;ori + 5 



where a is a positive constant independing of i, Vi and Vq. Then we have, by step 1, 



\E p>e (vi)-E Pte (v )\ < J n (|V^| 2 + e)^ - (|Vv | 2 + e)' 

< af n \\Vvi\ p - \Vv Q \ p \dv + 6\n\ 



dv 



— > 5 \ n\ as % — > oo. 



This implies E Pt£ (vi) — >■ £7 P)6 (fo) • 

To show (16.31) . we only need to claim that, X, Y e R n with |X| > |y | , 

(6-4) (|^| 2 + e) § - (|F| 2 + e) § < a (\X\ P - \Y\ P ) + 5. 

Let /(*) = (|X| 2 + t) 2 - (\Y\ 2 + t) \ t > 0. Then we have /(0) = \X\ P - \Y\ P and 

/W = (l^| 2 + e) f -(|y| 2 + 6) f . 
Since 



/'(*) = f 



p-2 



\X\ 2 + t) 2 - (|Y| 2 + t) 



p-2 
2 



then /(i) is a decreasing function for 1 < p < 2. Hence we have /(e) < /(0) whenever 
1 < P < 2. 
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If 2 < p < 4, then, for s > 0, 

m-f(o) = j*f(t)dt 

(6.5) = y;(\xf + t)^-(\Yf + t)^dt, 

< f(\xr 2 -\Yr 2 ), 

since 1 < p — 2 < 2. 
For any Si > 0, 



m -\y\ <|^w^) s|(mP _ |y|P) if|x| + msii . 

So we have 

(6.6) |xr 2 -|yr 2 <^(|xr-|yr+^), 

and then (16.51) can be rewritten as 

(6.7) (ixi 2 + s y - (\y\ 2 + s y < (i + 1) (\xf - irn + (g) 5?. 

Hence we have 

(|X| 2 + e ) f -(|F| 2 + e ) f <a(|xr-|yn + <5, 

where a = 1 + | and <5 = (|) 

If 4 < p < 6, then one has 2 < p — 2 < 4, so (16. 6p and (16.71) imply 

m-m = y;(\x\ 2 + t)^ -(\Y\ 2 + t) p -^dt 

< i Jo (i + f ) O^r 2 - i>t~ 2 ) + (f ) %- 2 dt 

< § {* + ^ ) (f ( w - i*t + 5d) + 1 (ij) *r 2 

< (| + l(f) 2 )(i^i p -m p ) + (f + (f) 2 )^. 

(|x| 2 + s ) f -(|y| 2 + s ) § < + | + i(f) 2 )(W-|>T) 



Hence 



+ (ff + (I) J *?■ 

In particular, we obtain 

(|X| 2 + e) f -(|F| 2 + e ) f < a(|Xr-|yn + 5, 

where a = 1 + g + \ (|) 2 and 5 = (§f + (g) 2 ) 

By mathematical induction, we conclude that, for any p > 2 satisfying 2q < p < 2q 
q E Z+ 

(|X| 2 + e)^-(|F| 2 + e)^ < (l + ELi^(|) jd^r-l^n 
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If we select 5i small enough such that ^X)n=i (^) ) = ^' then we nave H6.4I) with 

•=(i+a,(*)]. 

□ 



6.2. Proof of Proposition 3.1. 

Theorem 6.2. Lei u be a weak solution of the p-Laplace equation / II. For every e > 0, 
Zet u e be a solution of the Euler- Lagrange equation ^6. 1\) with u — u e G Wq ,p (Q) , where Q is 
a domain in M . Then u e G C™ c (Q) is a strong solution of A6.1\) . and u e converges strongly 
to u in W l >' p (VL) as e ^ 0. 



Proof. Such solution u t exists (Theorem I6.ip . and u e G Cf^, (fl) by the usual arguments of 
boot-strap (see, e.g. [23] Chapter 4, [31] Theorem 3.3, [10] Theorem 14.2, |9J). That is, u e 
is the strong solution of the partial differential equation (jl.2p . 
Since u € and u are the miniming of the Euler functions 

In 1 1 V( ^| 2 + e f 2 dv and /n I V( f>\ P dv > 
respectively, over all functions G M /1,p (fi) and (p = u on dQ. Then one has 

(6.8) J n \Vu\ p dv < J n \Vu t \ p dv 
and 

(6.9) f a 1 1 Vn £ | 2 + e| p/2 dv < f a 1 1 V^| 2 + e\ p/2 dv. 
Combining (16. 8 j) and (16. 9ft . 

J" n |Vw| p < J n | V-u e | p (if < J" n | |V-u e | 2 + e| P// (if < J n 1 1 V«| 2 + e| P// dv, 

one has ||Vu £ || — >■ ||Vu|| as e — > 0. Moreover, by Lemma 16.21 V« c — >■ Vtt a.e. on Q for 
p > 1, we have Vu t — >■ V« in L p (f2) , and then p-Poincare inequality implies that w e — > u in 

□ 

Lemma 6.2. Vw e — > Vu a.e. on Q forp > 1. 



First, we recall the following inequality (cf. [H] Lemma 4) 
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Proposition 6.1. Consider the vector field X and Y.Then 

(6.10) (X - Y, \X\ p - 2 X - \Y\ p - 2 Y) > (X, Y) , 

where 



(6.11) «WH \x-vf ifl<p<2 . 



\X-Y\' ifp>2, 

\X-Y\ 2 
(\X\ + \Y\r 



Proof. Since u — u e G Wq' p (Q) , one has 

J n \Vu\ p - 2 (V«, V (u - = 

and 

p-2 

/J|Vw £ | 2 + e| 2 (Vu e ,V(u-u e ))dv = 0. 



Then 

= JJV<~ 2 (Vm,V(m-m £ )> - llV^ + ej^ (Vu e ,V (u - u € )} dv 
= / n |Vu| p -|VM| p_2 (V«,Vu 6 ) 

- | \Vu e \ 2 + e\^ (Vu e , V«) + | |Vu e | 2 + | Vu £ | 2 du. 

This equality can be rewritten as LHS1 = RHS, where 

LHS1 = J n \Vu\ p - \Vu\ p ~ 2 (Vu,Vu e ) - \Vu e \ p ~ 2 (Vu e ,Vu) + \\Vu e \ 2 + e| f dv 

and 

p—2 \ p-2 



i?#S = / n (J|Vu £ r + e| 2 - |Vu £ | p_2 J (VM e ,Vu) + e||Vu £ r + e| 2 dv. 
It is easy to see that 

LHS1 > J n \Vu\ p - \Vu\ p ~ 2 (Vu, V« £ ) - \Vu e \ p ~ 2 (Vw e , V«) + \Vu e \ p dv = LHS2. 
So, we select X = Vu and Y = Vm £ , then Proposition 16.11 implies 

LHS2 >Cj n ^ (Vm, Vu t ) dv>0 

where 

\Vu-Vu t \ p if p > 2, 



* (Vm, Vm £ ) = ^ |v»-y Mg | 

If we can show that 



- ,n^f if 1 < p < 2. 



RHS ->■ as e ->■ 0, 

Then we have 

f n * (Vm, Vm £ ) dv -» as e ->■ 0. 

Therefore Vm — > Vu € a.e. on Q. 
Now we claim that 

RHS = RHSl + RHS2 -»■ 

as e — > 0, where 

RHSl = J Q e 1 1 Vm £ | 2 + e| ^ dv 
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and 

RHS2 = f n (\\Vu e \ 2 + - \Vu t \ p ~ 2 ^j (Vu t ,Vu)dv. 

2 



It is easy to see that, if |Vu e | > 1, 



p— 2 _ o , 



/ n e||Vu e | +e| 2 cfo < / n e|Vu e | ||Vii e | +e| 2 ofo 

— e In I l^ M e| 2 + e | 2 ^ 

and if |V« e | 2 < 1, 

r i,„ ,2 i 2 ^ , ^ f e-uoZ(fi) ifp>2 

i, e |iv. e | +e | ^<{ ef .j ( ^ if ;- 2 . 

So we have RHS1 -> as e ->■ 0. 
Now we focus on the term RHS2, 

RHS2 = f Q (\\Vu t \ 2 + e\ ^ - | Vw/~ 2 ) (Vu e , Vu) rfw 



In the case p > 2, one may rewrite it as 



|Vii e | |Vu| dv. 



RHS2 < f n ( \\Vu e \ 2 + ef 22 - \Vu e \ p ~ 2 J |Vu e | \Vu\dv 
< J n (WVuf + e^ - |V« e | p ~M \Vu\dv. 

If p > 3, using mean value theorem, we have the inequality 

(z + e) 9 - x q = qe (x + e^ 1 <qe{x + e)^ 1 
here q = ^ > 1, x > and ei G (0, e) . Hence 

RHS2 < ^^J n ||VM e | 2 + e|^ \Vu\dv 



< < 2 Jn 

~2 



/ n ||Vii e | 2 + e| 2 \Vu\dv if \Wu e \ z > 1 

— 3 



^=^(l + e)^/ n |Vti|du if |Vw e | 2 < 1 



< 



^(L||V^| 2 + e | f ) P (In\^\ P f P dv if \Vu e \ 2 >l 

^^(l + e)^ (volin))^ (J n \Vu\ p )?dv if |Vm £ | 2 < 1 
->■ as e ->■ 0. 

If 2 < p < 3, using the inequality 

(x + e) 9 - x q < e q 
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here \ < q = < 1, x > 0, then 

RHS2 < J n ( \\Vu e \ 2 + e\*^ - |Vw e | p_1 j |Vu| 



u\ 



P — 1 i 

< ^Liv 

< e^^oZ^)) 2 ^ (f n \Vu\ p )* 
-> as e -)■ 0. 

In the case 1 < p < 2, one may rewrite RHS2 as 

< / n (| Vu/~ 2 - 1 1 V« e | 2 + e|^ ) | Vu e \ \Vu\ 



Since < < 1, then we have 



2-2 

\ X, U11C11 VVC 11CXVC 

2-P 

||V^l*+e| 

n 



DO-CO f ||V« e | 2 +e|^"-|V« e | 2 - p . ip-1 |V7 I J 



|V« E | 2 +e| 



< ( U0 /(fi))V (JjVci| p A;) ; 



p-1 
; 2 

£-1 

; 2 

-)■ as e -> 0. 

Hence we conclue that 

RHS = RHS1 + RHS2 -» as e -> 0. 



□ 



6.3. Volume estimate and p-Poincare inequality. In this subsection, we study a com- 
plete noncompact manifold M with the p-Poincare inequality (P\ p ) , p > 1, that is, the 
inequality 

(6-12) KIm^ P <Im\^\ P 

holds for all ^ G Wq' p (M) . In particular, if p — 2, this formula is the general Poincare 
inequality, and A2 is the spectrum of M. In [12J, they show that a complete manifold M 
with positive spectrum A2 > 0, then it must have X p > for all p > 2. In fact, the following 
inequality 

p(A p ) 1/p >2(A 2 ) 1/2 

holds on M for all p > 2. 

Lemma 6.3. Let M be a complete noncompact manifold satisfying (P\ p ) , p > 1. Suppose 
w is a positive, p-subharmonic function with a finite p-energy on M. If w satisfies 



( 6 - 13 ) exp(-^gf^) = o{R), 



!B(2R)\B(R) 

where R > Rq + 1. T/ien, 



5) 



-aCAp) 1 /*'^ 



expi - +1 ' Jw 



<C, 

L p (M\B(Ro+l)) 
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and 



(1-6) exp( 



> 5{\ p ) 1/p r{x) 
p+1 



L p (M\B(Ro+l)) 



<c, 



for all < 6 < 1, and for some constant C depending on p and X p . 



Proof. Let ip be a non-negative cut-off function, then we have 

> J M rw(-A p w) 

(6U) = j M (v(rw),\vwr 2 vw) 

y ' = f M ifj p \Vw\ p + pw\Vw\ p - 2 ilj p - 1 (Vifj,Vw) 

> Im ^ I Vw \ P ~ P Jm w ^ I V^l^ 1 1 V^| . 
By using Holder inequality 

then ( I6.14p can be rewritten as 

(6.15) \\^w\\ Lp <p\\V<i/j-w\\ Lp , 

and this inequality is the Caccioppoli type estimate. 
Since Minkowski inequality yields 

\\V(i>w)\\ Lp <\\Vi;-w\\ Lp + \\i;Vw\\ Lp , 

then ( I6.15P implies 

(6.16) \\V(i>w)\\ Lp <(p + l)\\V4>-w\\ Lp . 

This inequality is not sharp enough whenever p = 2. In fact, if p = 2, one can easy to show 
\\V(yjw)\\ L2 < \\Vipw\\ L2 by the similar method (cf. [25j(27]). 
By scaling the metric, we may assume X p — 1. Combining (16. 16f) and ( 16.121) . then 

(6.17) < (P + ^IIW-^lli,, 

where ip is a cut off function on M. 

Now we select ip = 4>(r(x))exp(a(r(x))), then 

(61g) ^IhML, < ||(V0 + 0Va)exp(a(x)V|| ip 

< \\(V(f))exp(a(x))w\\ Lp + \\(Va) <pexp{a{x))w\\ Lp 

where is a non-negative cut-off function defined by = (f> + + 0_ where 

f r - i? for Rq < r < Ro + 1, \ ^ ioi R<r<2R, 

<M r ) = 1 forr>a + l, - (r) 



for r > Rq + 1, 1 _ x for r > 2 ^ 



and we also choose a = a+(r(x)) + a_(r(a;)) as 

M£i f or r < JL fo for r < — 

, p+i 101 ' - 1+5' , . u 101 ' - 1+5' 

a + (r) = < air) = < 
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K 

1+8- 



for some fixed K > (Rq + 1) (1 + 5) , < 5 < 1, and R > :pf-=, it's easy to check that 



|V0| 2 (x) 



( 1 onB(i2o + l)\B(i2o), 

onB (Rq) , B (R) \B(Rq + 1) and M\B (2R) 
on B (2R) \B (R) , 



i 

W 



and 



I Val 2 (x) 



Substituting into (16.181) . we obtain 

H^P(a(x))w\\ Lp{M) 

< \\{V<f>+)exp{a(x))w\\ Lp(M) + ||(V0_) exp{a{x))w\\ Lp{M) 

+ \\(Va + ) (j)exp(a(x))w\\ Lp[M) + ||(Va_) 0exp(o(x))w|| Lj)(Af) 

< ||exp(a(x))w|| Lp(B(i?H+1 ^ B(i?o)) + -jj ||exp(a(x))-u;|| ip(B(2i? ^ B(i j )) 



P+ l U e M a ( X )) W \\ Lp (B(^)) + £+1 H0 eX P( a (^))^llL p (M\B(^)) 



UeM<x))w\\ Lp (B(^)\B(R +i)) 



hence 

< ||exp(a(a;))u;|| ijj(B(iio+1 ^ B(Jio)) + ^ ||exp(a(a:))w|| Lp(B(2jR) ^ (jR)) . 

The definition of a(x) and the growth condition (I6.13P imply that the last term on the rij 
hand side tends to as R — > oo. Thus one has the following inequality, 

( 6 - 19 ) (j+l) l|eXP(a(a;))w|l ^(s(l^)\^o+l)) ^ \\ e M<x))w\\ Lp{B{Ro+1)XB(Ro)) . 

Since the right hand side of ( 16. 19ft is independent of if and < 5 < 1, by letting K — > 
we obtain that 

(6.20) (1 - 5) ||exp(a(£)HI Lp( M\B(i?o+i)) ^ C ^ 

for some constant < C\ = C\ (p) < oo. 

Moreover, by (16.151) and similar process as above, we have 

\U^w\\ Lp{M) < \\V^-w\\ Lp{M) 

— \\ eX V(. a (. X )) W \\L p (B(R +l)\B(R )) + R W eX P( a ( X )) W \\L p (B{2R)\B{R)) 

+ H0exp(a(x))w|| ip ( B (_* )) + ^ ||0exp(a(x)HI Lp ( B(2fi) \ B (_K_) 

< 2 ||exp(a(x))u;|| Lp(B(jRo+lAB(jRo)) + 3 Uexp(a(x))w\\ Lp{B{2R)XB{Ro+1)) 

< c 2 + ^ s . 

Hence, by letting R — > oo and then letting K — > oo, we conclude 

(1 - 5) \\exp(5r(x))Vw\\ Lp{MXB{R()+1)) < C 3 

for some constant < C3 = Ci + fzj < 00. 
Then lemma now follows. 
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□ 



Lemma 6.4. Let M be a complete noncompact manifold satisfying (P\ p ) , P > 1- Suppose E 
is an end of M respective to a compact set, Wi is a positive, p-harmonic function with a finite 
p-energy on E (Ri) and W{ = 1 on dE and Wi = on S (R4) = dE (Ri) \dE. If Ri — > oo and 
Wi — >■ w as i — >■ oo. Then, 

( 6 - 21 ) W) ^ a^exp C^f- 1 ) ), 

and 

(6.22) H *d, < ^RPeM -^^ 



P+i 



for some constant C depending on p. 



Proof. As in the proof of Lemma 16.31 If is a non-negative cut-off function defined by 

r{x)-Ro on E(R + 1)\E(R ), 

1 on E\E(Ro + 1), 



4>{r(x)) 



and we choose a = for < 5 < 1. It's easy to check that 

1 on £(i? + l)\£(i? ), 
|V0| 2 (ar) = <! and |Va| 2 (x) - 5 



on E\E (Rq + 1) 
By the formula (j6.18p . we obtain 

^lUexp(a(x))w\\ Lp < \\(V(t))exp(a(x))w\\ Lp + \\(Va)<f)exp(a{x))w\\ Lp 



< \\exp(a(x))w\\ Lp{E{Ro+1)XE{Ro)) + ^ \\(j)exp(a(x))w\\ LpiE) 



hence 



fiexp(a(x))w\\ Lp{E \ E{Ro+1)) < \\exp(a(x))w\\ Lp{E{Ro+mE{Ro)) . 
Then we obtain that 

(6.23) (1 - 5) \\exp(6r)w\\ Lp{EXE{Ro+1)) < C u 

for some constant < C\ = C\ (p) < oo. 
Moreover, since 

< \\exp(a(x))w\\ Lp{E{Ro+1)XE{Ro)) + 5 \\<Pexp{a{x))w\\ Lp{E) 

< + 

Hence, we conclude 

(6.24) (1 - 5) ||exp(5r (x))Vw\\ Lp{E ^ E{Ro+1)) < C 3 
for some constant < C3 = C3 (p) < 00. 
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If we select 6= (1-1) and R > 1, then[6J23]) gives 



RP JE\E(R +l) f \^ R> p+l 
^ W lE(kR)\E(R +l) eX P (t 1 " ^^TT 1 ) \Vw\ P dv. 

Hence 



L(^) ex P ( (Ap Ci^ 1)r ) ' V < dv ^ C * RP > 



and then we have 



JE(kR)\E(R) I V ^1 " U - 03/1 (p+l) 

for all constant k > 1. 
Similarly, 16.241 implies 

wx P ( (A Cy )r ) k^<^ 

and 

JE(kR)\E(R)\ W \ aU - eX t>{ p+1 ); 

for any constant k > 1. 



□ 



Lemma 6.5. Lei M be a complete noncompact manifold satisfying (P\ p ) , p > 1. If E is a 
p-hyperbolic end of M n , then 

V (E(R + 1))-V (E (R)) > CR-rfr-V exp( (p ' 1)(A ^ 1 /P(fl ~ 1) ). 

/or some constant C > 0, and for R sufficiently large. If E is p-parabolic, then 

V (E) < 00 

and 

V (E) — V (E (R)) < CRP exp p^^^ ) 
for some constant C > 0, /or any < 5 < 1, and for R sufficiently large. 



Proof. If E is p-parabolic, we select the barrier function w — 1 on E, then (I6.22p implies 

W<fo<gg«P C ( y ) 

for all i? large enough and for any 5 satisfying < 5 < 1. This implies V (E) < 00. 

If E is p-hyperbolic. Let u; be the barrier function on E, and S (R) = dE (R) \dE, then 

C = J 9E \Vwr 2 pdA 

(6.25) ^ /s (r) |V< 

/ \ (p— i)/p / \ i/p 
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Then (I6.25P imply 

In +1 {Ss(r) dA ) " /(P " } dr < C In +1 Is ir) W< dAdr 

= C Je(r+i)\e(r) \^ w \ P dv. 

By using Schwarz inequality, 

i = /r(/ SH ^)"*(/ sw ^)' dr 

p— 1 

£ (jr i (/ w «")" 5=I *)' isru^y 

p—i i 

^ C (Ie(r+i)\e(r) I Vw l P dv ) " ■ (Ir +1 Is(R) dAdr ) " ■ 
Then co-area formula and (I6.2ip give 

Je(r+i)\e(R) uu — p+i >■ 



□ 



Since (P\ p ) implies the volume of M is infinity, then Lemma 16.51 implies the following 
property. 

Theorem 6.3. If M is a complete noncompact manifold satisfying (P\ p ) , then M must be 
p-hyperbolic. 
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